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NASA T 

C O N C E R N 1  SOLUTIONS OF 
T I O N  

D .  M. Wolkow, LGWingrad 

ABSTRACT: 
the case of a sinusoidal f i e l d  and t h e  case i n  w h i c h  t h e  
external f i e l d  cons is t s  of polarized waves t rave l l ing  i n  a 
cer ta in  d i rec t ion  a n d  having a countable spectrum from t h e  
standpoint o f  frequency and i n i t i a l  phases. 

Solutions of t h e  Dirac equation a re  developed for  

1. The case of a s inusoidal  f i e l d .  - 2 .  Solution f o r  the  case i n  which the  /2$01 
external  f i e l d  consis ts  of polar ized waves t r ave l l i ng  i n  a ce r t a in  d i rec t ion  
having a countable spectrum from t h e  standpoint of frequency and i n t i a l  phases. 

1 .  T h e  Case o f  a Sinusoidal F i e l d  

L e t  t he  s c a l a r  po ten t i a l  of t he  external  f i e l d  ac t ing  on the r e l a t i v i s t i c  
quantum e lec t ron  equal zero and l e t  the vector  po ten t i a l  be 

v here is  a constant (frequency), t t i m e ,  e the  ve loc i ty  of l i g h t ,  n a u n i t  
vector (which ind ica tes  t he  d i rec t ion  of propagation of an electromagnetic 

); x denotes the ,vec to r  proceeding from t h e  i n i t i a l  point  
a r t e s i a n  coordinate system, se lec ted  so as t o  be sta- 

t ionary ,  according t o  the  va r i ab le  poin t ,  a system f o r  which the  above vector  



a t he  constant vector  with rea endicular t o  n (so t h a t  (a,  n) 
= 0 ) ;  and l a s t l y ,  ao is  a const 

Let the  components of the  n . . .be respect ively 

9 In our case t h e  external  f i e l d  represents a s inusoidal  electromagnetic 
wave of f ixed d i r ec t ion  and f ixed frequency. The Dirac equation f o r  the  
function I) (x, t), which here  describe t h e  s ta te  of t h e  electron i n  the 
var iables  x, t a- follows: 

d 
In  t h i s  equation h is  the  Planck constant divided by a, 
the  components - a -- a - a 

;& a vector with 

; a i s  a matrix vector  =/@,a+ ; (J has the  compon . a 2,' as,' ax ,  

' a+11'-%3~(rar @I, (s,,~;, el, ea, Qat a1, a2,a3 are the  known Dirac matrices; e is the  

charge of t he  electron;  m is t h e  m a s s .  

If the  operator on the  r i g h t  i n  the braces of equation (1) i s  mult ipl ied 
by 

a new operator arises 
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I t  can be shown 
Dirac ( for  t he  reverse  s 
t o r  equals 

transformations s imi l a r  t o  those given by 
(page 288)' , t h a t  t he  last opera- 

H denotes t h e  magnetic and E t he  external  e l e c t r i c  f i e l d :  

z 
' 1  a A  

II I 1  'tir n I= roitfi, ~lr = -- - ~ . c at 

Let us now consider t he  equation 

t i e  - 9 2  04 - - (u, H) + i e, ( u 4  2 (z, t )  = 0. 
C 

In our case 

If the notat ion 

is  introduced, the  s ign  i s  changed i n  ( 3 ) ,  and account is taken of t h e  f a c t  
- _  

akcos q=O(since (a,  n) = 0) equation (3) f o r  t he  given f i e l d  may 

1 The d i f fe rence  consis ts  only i n  the  s ign  standing before t h e  brackets.  
la, n] i s  the sign o r  the vec to r i a l  proauct or a ana n. 
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a lso  be wr i t t en  as follows: 

In t h i s  equation summation i s  t o  be m 
ing k .  

e according t o  k i n  every term contain- 

Let p be  the  vector of the  momen of motion of t h e  f r e e  e lec t ron  and E 
- i t s  energy. Then w e  have: 

( 5 )  I P ,  
= . p i + p i + p i + m P G  = p a + d c z .  

We assume t h a t  t h e  so lu t ion  of equation ( 4 ) l  may be represented i n  the  
form 

where F (@) i s  a required matrix function which i s  t o  have the  following 

property: FF' = F'F, F'; F'  designates the  der ivat ion of function F (4) 
according t o  4 .  

If w e  d i f f e r e n t i a t e  (6) we obtain:  
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F" denotes the second d e r i v a t i  n F ($) accordi c p .  

We now have 

The terms containing the  second der iva t ive  F" w i l l  vanish, s ince  

h : = h ~ + h ~ = l  . We also  have 

hence 

Equation (4) y ie lds  

F' + 2 ( a , p ) e c o s q  
l 

and 

+ a constant matrix. 



Zo i s  an a rb i t r a ry  constant matrix which i n  general may a l so  depend on 
the  constants p 1 ,  p 2 ,  and p 3 .  

m a t r i x  i s  contained i n  expression f o r  F (4) .) 

(2' i s  introduced because an a rb i t r a ry  

d Matrix gl i n  t he  exponents has t h e  following property: 

If the  expression obtained f o r  2 (x; t) i s  expanded in to  a s e r i e s  accord- 
ing t o  the  powers of gl and the  fact  i s  taken i n t o  account t h a t  a l l  these 

form : 

* 
powers save t h e  f irst  equal zero, Z (x; t) may be  wr i t ten  i n  the  following 

1 - __--I ~ 

where 
(2, t )  = (1 + g, cos p) e 
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If operator (2) is  applied t o  t h  2 (x; t) , w e  obt i ch 

w i l l  s a t i s f y  Dirac equation (1 

. 
The l a s t  expression i s  s implif ied i f  2 i s  adopted i n  the  form (8) and the  

following r e l a t ions  a re  taken i n t o  account: 

I (1-an)g  = 0, ( l -an )g ,  = 0. 
. .  

e ez(a,a)(l-an)(a,u) cosZQ,=- 
--(a, a) cos Q, g1 cos Q,=- 

2 cas: - n p ]  C 

After conversion w e  obtain 



+ This matrix,  gl , has the  following property : ( ~ 7 )  = 0.  Hence @ (x; t) may 
f i n a l l y  be wr i t ten  i n  the following two formulas: 

P 

If everywhere i n  the preceding op ra t ions  w e  set  a 0 ,  and w e  a r e  j u s t i -  

w e  obtain y = 0 ;  
k =  

f i e d  i n  s o  doing, s ince  w e  had t o  perf rm no divis ion by a k’ 
. I/.JO’ i s  thus the  solut ion of equation (1) f o r  the  case i n  which no f i e l d  i s  

present.  

we have already done i n  the last* formulas, a l so  replace Z o  by $ O ,  which then 

Since $ is  usually assumed t q  consis t  of a s i n g l e  column, w e  may, as 
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may cons is t  of a s i n g l e  column (say the  f i r s t ) .  
g ra l  (7) found depends on an vector  p ,  which has the  meaning. 
of the  vector  of t he  moment of 
t h e  f i e l d .  We consider i n  space p a tpoin t  p o  with a small environment Apo, 

i s  t o  be desired,  

e lec t ron  s t i l l  not influenced by 

where P O  may be an in t e rna l  PO' 

usual fashion so  t h a t  the  following r e l a t i o n  i s  s a t i s f i e d :  

may then be normalized i n  the  

+ 
%9 IApol denotes the  volume of Apo, x t raverses  the  e n t i r e  space, and IJJ 

P' 

i s  the  
P 

transported matrix conjugate t o  IJJ - 

each in t eg ra l  s ign  must here  be conceived of as being replaced by a t r i p l e  
s ign.  

Formula (11) shows t h a t  I$ i s  a product of per iodic  functions with 

d i f f e r e n t  periods l / v  and 1 / V ,  where V i s  the frequency r e l a t ed  t o  E by t h e  
P 

well i s  a ce r t a in  per iodic  function; i n  the  continuum of E values the  cases 
of the l a t t e r  kind form an everywhere dense enumerable s e t .  

2. Superposition of Electromagnetic Waves w i t h  Different Frequencies and 
I n i t i a l  Phases. 

We now proceed t o  inves t iga t e  the  case i n  which t h e  s c a l a r  po ten t i a l  A0 

equals zero,  while t he  vector  po ten t i a l  i s  of t h e  form 

9 



In t h i s  equation a and n are u n i t  vectors  perpendicular t o  each o ther .  

9.i = 2nd [ t - -  nx+dl ,  d - c t b j ,  
C 

. .  
vJ,old,  b j  denote a r b i t r a r y  r e a l  numbers, the s e r i e s  , . converging. 

” We s h a l l  see  l a t e r  t h a t  t he  enumerable set  of frequencies v i  a l so  cannot be 
completely a rb i t r a ry ;  it ra the r  must b 
t h i s  being j u s t  as necessary f o r  convergence of the  subsequently a r i s ing  i n -  

f i n i t e  s e r i e s  as  i s  now the  absolute  convergence of 

subjec t  t o  c e r t a i n  general  conditions,  

For t h e  po ten t i a l s  considered (14) equation (4) may be wr i t ten  i n  t h e  
form 

-+ 
( I t  i s  here  necessary t o  sum up from one t o  three  according t o  K . )  H i s  

the  magnetic and 2 t h e  electromagnetic f i e l d s  associated with po ten t i a l s  (14). 

We introduce the  following notat ion:  
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j I t  i s  t o  be noted t h a t  t he  matrices gl  equal each o ther  except f o r  a constant 

f ac to r  b j ;  hence they c 

going have t h e  property g 

j = j ' .  
with ordinary numbers. 

lves and according t o  the fore-  

va l id  both f o r  j f j '  
For t h i s  reason w e  m a  i g h t  with the  matrice 

If t h e  s ign  of t he  ion (15) i s  changed and it i s  
noted t h a t  

_ .  n 

is  va l id ,  the  equation i n  question may be wr i t t en  in ehe form 

( in  t h i s  case summation i s  t o  be made according t o  k from one t o  t h ree  and 

according t o  j and j 1  from one t o  

of each o the r ) .  
s ign  and merely wr i t e  ou t  t h e  common term, i n  each instance with index, 
always ind ica t ing  how t h e  indices  a r e  changed. 

m; j and j 1  change independently 

We s h a l l  henceforth everywhere dispense with the  summation 

We first assume t h a t  

(17") 

jected.  
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w e  introduce it i n t o  ion (17), an erform the  oper indicated 
there;  when t h i s  is  done the  exponenial function may.be d i f f e ren t i a t ed  i n  the  
usual manner, s ince  the  exponen with i t s  der ivat ive.  Only t h e  
following terms accordingly rem ft-hand s ide .  

(17"") (17"") 

U j and jI1 independently t raverse  the  value from one t o  m; t he  only requirement 
i s  t h a t  jll # j. (The other  terms vanish i n  accordance with the  r e l a t i o n  

So t h a t  the  terms wr i t ten  out i n  (17"") w i l l  a l so  vanish,  we fu r the r  set 

(In the  exponent it i s  necessary t o  perform summation according t o  j ,  j'I from 

one t o  m; j f. ill). 
assume t h a t  

1 1  
For t h e  p a i r  jj", i n  which vj f V' i s  t o  be found, we 

(17**") 

are  t o  be independent of x and t. Subst i tut ion of (18) where 1-1 jjI1 and ,jjfl 
jj I t 

and (17) y ie lds  the  fac tors  of 2 i n  addition t o  q : 

I 

The remaining terms vanish on the  b e r e l a t i o n  . 

If we s e l e c t  t he  constants 1-1 
jj I I 

1 2  



and subject  the aggregate of frequencies v z  t o  such r e s t r i c t i o n s  t h a t  the  
series 

converges, a f t e r  s u b s t i t u t i o n  of (18) and (17) we obtain simply zero on the 
left-hand s i d e .  

choice of Zji" , and the f irst  term likewise vanishes as a r e s u l t  of the  choice 
The second term i n  (18") vanishes as a r e s u l t  of the spec ia l  

of , which here equals the  number Id"' =F(ca',dP: 6' with the  opposite s ign.  
j , .  - - . 

The series considered converge absolutely and uniformly. 
j f  1 

However , i f  v = v ,  j the  associated term i n  (17**) is  

- ; - ( cdu~ ' )Cos2nv j  t--  +ofrjCos2nvf E nc?x 
ea e2 

2 d 2 ca 

ea 

C' 

= - (d d') cos (cpj  + cpj") + - (d, d') cos (af - aY'). 

as may readi ly  be seen, we may i n  t h i s  case assume 

. . . . . _ _  . 
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1 1  

If w e  s e t  j 

y the  last term 

= j i n  the 
j 

( d ) 3  ea 
' 1 6 n v j l i i c l ;  -E - np] 

. I 

hence the la t ter  may be regarded as y j j  . 
i , which s a t i s f i e s  equation (1) under the given p o t e n t i a l  conditions of  

+P 
(14) f o r  the external  f i e l d ,  w i l l  now be of the  following form: 

In t h i s  equation 

1 

if j = j o r  4' - cpj' = const. ,  i . e . ,  v i r  = v i ;  j and j '  vary independently of 
each other  from one t o  + m; i n  addition, 

If we make use of the  propert ies  of t h e  matrices i n i t i a d & y - r e f e r r e d  t o ,  we 
may also wr i te  expression (21) i n  t h e  form 
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By-suEerposition of s”ucE so lu t ions  with d i f fe ren  . 

f o r  the so lu t ions  of the Dirac equation, under t h e  given spec ia l  conditions,  
a s t i l l  more general e x p l i c i t  expression 

values of p we obtain 

Again, the in t eg ra l  i n  t h i s  case is  t 
in t eg ra l .  
t ha t  i n t eg ra l  (23) ex i s t  i f  the range of in tegra t ion  i s  i n f i n i t e .  

dered as being a t r i p l e  
e ( p )  denotes any desired matrix,  one subject  only t o  the  condition 

We hope t o  be able t o  continue the  foregoing operations and give ce r t a in  
applications i n  a fu tu re  paper. 

1 December 1934 

Translated f o r  the  National Aeronautics and Space Administration under 
contract  No. NASw-1695 by Techtran Corporation, P. 0. Box 729, Glen Burnie, 
Maryland, 21061. 
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